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4 OF TRANSLATING 


= ALGEBRAIC QUANTITIES, &c, 


LE M M A. 
I. Ler 
A+Br+ Cr*+ Dri. — br 
I 
Si xri＋Æ x 73+ $3” 8 
+ 6 x r5 + &c. in infinitum; then will 4= 
82—1 


2 


2— 1 2—1 2 2 — f 
D=4"—2x3"' ＋2. ——X2 A's 


W * e .. . „ H=“ Xx (Il +2, 


1 2—7 2—1 2 


e. r 
Ez Ez Fs 3 


The coefficient of the laſt term will be x, 
and all the ſubſequent coefficients become = o, 
as is manifeſt from a theor. * in the Phil. 


Tranſ. viz..——2 (1 Zz. 0 2. 


— &c. will be = 1, when 7 =2=—1; but = 0, 

when / is greater than z—1. WP 

The ſame prantiples may be applied when 2 
A 18 


B=2%"' — , C=. 3 — x2 ＋ 2. 


3 

is either negative or fractional, in which caſe the 
eries A+ Br + Cr* Ds ＋ &c. proceeds in 
infinitum. 

If for r in the abovementioned quantities be 
ſubſtituted —r, then the terms reſulting will be 
_ alternately + and —. 

From the lemma and the principles given in 
the Meditat. Algebr. which were ſent in ſome 
papers to the Royal Society in 1757, may be 
found the ſum of every (5) terms of the ſeries 
Iz (XTX &c. 

2. To find the ſum of the ſeries 1 + 2 r + 
3 Xx X 13+ 3 ＋ (21) * 7 con- 
ſiſting of &—1 terms. 

The ſum will be equal to a fraction, of which 
the denominator is (as in the preceding lemma) 
(1—7)*, and the numerator A+Br+Cr*+D r3 
+... +AHr +... 4 — K 
(GTI) -NH) xf—((k+2) - X 


GT. N xt (bg) 


i 2—1 
— 2x (z 2. - „ (A1) —— 2. 


. r-) (H =. 


3 

(zZ. 2 „ (bat —z. 

2—2 „ 2—1 2—2 

N k I OE 9. FEED 22s 64s 
7 * (k+1)* + - ; 


* 
1 R 
9 
(+ 
he +. 


= 
28 . s 3 8 e, 
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x Þ—") x # — &c. to 2 terms; all the remain- 
ing terms, by the Meditat. Analyticz, become 
— ©: the coefficients A, B, C, D,. . . H to 
2—1 terms denote the ſame quantities as in the 
preceding lemma; and the law of the z terms 
may eaſily be ſeen from inſpection, or collected 
from the law of the terms in the preceding 
lemma. 

3. This lemma may eafily be deduced from 
the preceding by the following propoſition. 
Let 41, dz xr, d3 * ra, 44 x 73, &c. be the 
ſucceſſive terms of the diviſor of any fraction; 
and 91, 12 *r, 93 * , 94x73, &c. the ſucceſ- 


ſive terms of the quotient; and R. *r, RY—+1 
* , R. VZ, R. ＋3 x *, &c. the ſuc- 


ceſſive terms of the remainder, of which the 


diſtance from the firſt is 5— 1; that is, let the 


Aduiviſor be 41 ＋ da x r +43 xr*+d4 x13 + 


&c.; the quotient g1-+q2 x r+93 x72+94 x13 
+ &c.; and the remainder (whoſe diſtance from 


the firſt is b—1) Rb x * + R. KI 
RN E R. b"+3 x 3 + &c,; then will 
Rd x g. UI, R. HI dx . Ua + 
d2 K g. DI, R. LZ =d1%*g.b+3 + da x 
4.0+2+43x*9. h+1, R. 3 = d 1x9. b+4 
+ d2 x9. h+3 + 43 Xq. h+2 + 44 x9. h+r, 
R. b+4==d1x9.b+5 +d2 xg. b+ 4 + d3 * 


9. b+3 +44 * 9. h+2+dg x9. b+1,8. 
Hence the terms of the remainders may eaſily 
AZ be 


— ——— En — — — 
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17 
be deduced from the terms of the diviſor and 
quotient. | | 

Cor. If the terms of the quotient contained 
between two different remainders be required, 
ſubſtract the laſt remainder from the firſt, and 
the difference divided by the diviſor will give 
the terms of the quotient required. 

Cor. Hence the ſum of any ſeries (a+b+c+ 
d+&c) +(ax2** +bx2**+ox2** + dx 
2 ＋ &.)r +(ax 3" +bx3** + ox 30+ 
&c.) r (AXA ＋ EXA *+£ex4* + &c.)r3 
-+ &c. may be deduced; for the ſum of each of 
the terms multiplied into @ 1s found by the 
lemma; and in like manner may be found the 
ſum of each of the terms multiplied into 5, 
into c, &c.; and conſequently by adding them 
together the ſum of the whole ſeries. 

Of tranſlating propoſitions expreſſing the re- 
lation between algebraical quantities to others 
expreſſing probable relations. 

1. Certainty being contained in the whole 
number of events poſſible, may be expreſſed by 
any given quantity or number; e. g. Nor 1. 


2. The probability or chance E or a) will 


always be leſs than the quantity or number 
abovementioned N or 1; and conſequently its 


' I 
reciprocal greater than Nor 1. 


3. Let a and & be the chances of two events 
A and B independent of each other reſpectively 
| | ſuc- 


6 


A* 
ſucceeding, and certainty N then will V be the 
chance of both the events ſucceeding in the two 


trials; and ED pe the chance of B's fail- 


ing in one and A's ſucceeding in the other; and 


CONS he chances of B's ſucceeding and 4's 


Ne 
— 4. N—5 ; 
failing; and = An the chance of A's 


and B's both failing, 
For, if - be the chance of 4's ſucceeding, 


N—2 

N 
ſame trial. 

4. Let a, 5, c, d, &c.; a, , y, d, &c. be the 
chances of any independent events A, B, C, D, 
&c.; A, B, T, A, &c. ſucceeding to certainty N; 
then will the chance of all the events ſucceeding 

U y @ 
be 57 x NE NENT &c. VNN px Ke. 
The chance of the events 4, B, C, D, &c. ſuc- 
ceeding, and the events A, B, T, A, &c. failing 


will be the chance of its failing in the 


| 4-2; 4-0 . 4 
will be Y NX N VX &c. x x 
N— 
* I Kc. 


5. The chance of the event of A ſucceeding 
u times together, and of B ſucceeding m times, 
4 3 | and 


3 
and C happening r times, &c.; and of A failing 
times together, and I failing M times, and 7 
wo . a” * r 
failing times, &c. will be * N A &c. 


1 ( JF ) 1 


Theſe events are ſuppoſed to be independent 
of each other, or to happen in a given order. 

6. If the order of two dependent events, as 
A and B, be not fixed; i. e. the event 4 may 
happen firſt and B ſecond, or B may happen 
firſt and A ſecond ; then will the chance of the 
events A and B happening in the two trials be 
2x W. . 

In the ſame manner the chance of 4's hap- 
pening u times, B's happening mM times, C's hap- 
pening 7 times, and A's failing times, B fail- 
ing m times, F failing “ times, &c. in nmr 
+1 +m + + &c. the trials 1n every order 


1 58. 
poſſible, will be *. 5 m +1 ; 


1— 1 En, * 2 
F ; FS TT 


3 


Ii l=m—_r— 


* — * 2 


©* 0 


lJ—m—r—n 1 —— — 5 ——— —1 


N 
1 1 4 2 


—1— 7 — 2 — , I 
— Me i I: 


[—=M—rt—n—2 


_ * 


* . .# + © 
"4 m 
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EPI 
1 — 7 — 1 — 1 2 
— x — — * 
1 2 | 
| 2.1 — 2 —— Cent we I 


3 
a” Na N—6 
X &c. (DN ck 10 (x 0 (N hy 
* () x Kc. 


7. From theſe principles any quantities may 
be tranſlated into the probabilities of events. 


e. g. I. Any power N x H may be tranſlated into 


the probability of an event's happening # times 
(a whole number) of TO the chance of its 


happening each time is F; H multiplied into H; 


in this caſe a is ſuppoſed leſs than N: but if 4 
be greater than N, it muſt be conſtrued the re- 
ciprocal of the abovementioned probability. 2. 


2] may be conſtrued the probability or chance 


of an event's ſucceeding in one time, of which 
the chance of its happening (m) times together 


1 =, he ch f ' 
18 V' 3. V enotes t e Chance ot an event's 


happening (2) times together, of which the 
chance of its happening (n) times together 1s *. 
4 4 4. H 


[43 
„ 
4. H * N V may be conſtrued the chance 
of the event's (A) happening 7 times together, 
and the event's (B) happening () times toge- 
ther (of which the reſpective chances of hap- 


pening each time are 7 and ,) multiplied 


into H; if the events are ſuppoſed independent 
of each other, or to happen in a given order. 


— XT 
5. The quantity (H + Kb EA) 


may denote the chance of an event (S) happen- 
ing (7) times together, of which the chance of 


its happening (s) times together is H + K 45 * 
& + 1x0; which quantity may be tranſlated 


into probable relations from the principles be- 
fore given. | 

In the ſame manner may all algebraical and 
exponential quantities, and their naſcent or finite 
increments be tranſlated into ſimilar quantities. 
If 2 be greater than N, or & than N”; then for 
the probabilities or chances of happening or 
failing always read their reciprocals, 

8. Any algebraical, &c. equations may be 
tranſlated from theſe principles into equations 
expreſſing the relation between quantities of this 
kind; and vice versa, any equations expreſſing 

5 ; - the 
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the relations am quantities of this kind 
may in like manner be tranſlated into alge- 
braical, &c. equations. 

9. Hence any algebraical equations containing 
(1) unknown quantities, may be tranſlated into 
equations expreſſing the relation between () 
unknown quantities and (7) different indepen- 
dent chances; and theſe laſt mentioned equa- 
tions may be tranſlated into the former. 

10. Any given equations expreſſing the rela- 
tions between algebraical, &c. quantities may, 
by the preceding methods, be tranſlated into 
innumerable different equations; for every un- 
known quantity, its powers, &c. contained in 
the given equations, may be ſubſtituted the 
chances or probabilities of an event's ſucceeding 
for certain number of times, or 1ts not ſucceed- 
ing; or a compound function of both; and the 
reſolutions, reductions, &c. of the reſulting equa- 
tions can eaſily be deduced from the reſolutions, 
reductions, &c. of the given ones. 

11. e. g. Let the chance of an event's ſuc- 
ceeding, contained in the given equations, be 


a . | . . 
N then if all the terms of the given equations 


for @ be ſubſtituted N — Na, there will reſult 
equations, in whi ch à is exterminated, and g' the 
chance of its not ſucceeding 1s ſubſtituted in its 
place; but if in ſome of the terms of the equa- 
tion be ſubſtituted N—N x A for @, and in 
others 


— 8 8 
A r 


— vw 


MY rp the 


In 


. © 4,7 2, mer ng 7 Dr 
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others not, there will reſult different equations, 
in which are contained both 2 and 4, &c. 

12, If the ſame algebraical quantities, &c. are 
expreſt in different algebraical, &c. formulæ, 
then by tranſlating them into probable relations, 
as is before taught, the equality will be tranſ- 
lated into a propoſition concerning chances. 

* 2 | 

Ex. 1. ho = * — N.: let I be the 


chance of an event's ſucceeding in one trial, 


0 will Fama ” be the chance of its failing, and 


Ki the 3 its happening 2 together; 


and therefore the chance of its happening in the 
firſt trial and failing in the ſecond will be equal 
to the difference between the chance of the 
event's ſucceeding in the firſt trial and its ſuc- 
ceeding twice together: but if the order of its 
happening and failing is not given, then the one 
half of the chance of its happening once and 
failing once in two trials will be equal to the 
abovementioned difference. 


a+b a—b 8 
Ex. 2. _ 1 N == — . and conſe- 


quently the chance of an event's happening, of 
which the probability is 25 and then an event 


2—3 


happening, of which the probability is is 


equal 


$8.2 

equal to the difference between the chances of 
two different events reſpectively happening twice 
in two trials, of whach their 2 chances 
We 7 

9 for happening in one trial are = and + "Ny 


6 , ne. 222 
X. 3. V — N 
e -e 

3 92 2. ＋＋＋＋ and conſe- 


quently the chance of an event's happening u 
times in 7 trials, of which the chance of 1 its hap- 


pening in one trial 1s , will be equal to 


the ſum of the chances of two events A and B 
happening u times in n trials, and of the chances 

of the one happening n —1 times and the other 
one time in the abovementioned trials, and of 
the chances of the one happening 2 2 times 
and the other two times in the ſame trials, &c. 
when the order-of the event's happening is not 
given, the chances df the events A _ B hap- 


6 
pening in one trial being reſpeRtively 5 by, and N 


9 but if the order of the abovementioned events 
be given, then will the abovementioned chance 
of an event's (of "ug the chances of happen- 


Ing in one trial 3 is © NV 175 happening # times in 


u trials 


( 12) | 
u trials will be equal to the ſum of the chances 
A and B happening in trials ＋ x ſum of the 
chances of the one happening z—1 times and 


— 


x ſum of the one 


the other one time + x x 


happening n—2 and the ee two times, &c. 
in the ſame number () of trials. 


N a | | 
Ex. 4. N— 2 It tm tht 


&c. in infinitum; but —- ” is the probability 


of an event's —— of which the probability 


of its happening 1 is therefore the reciprocal 


of the probability al an event's failing, of which 
the probability of its happening is 75 will — 


ceed 1 by the ſum of the probabilities of the 


abovementioned events happening once in one 
trial, twice in two trials, three times in three 
trials, four mY in four, &c. in infinitum. 
e (=; R 
Er. 233 7 A 
&c.); ſuppoſe * events A, B and C, of which 
the 21 2 70 chances for happening in each 
trial are - — 3 x and = b then the chance of A's 
happening will be ies than the chance of B's 
happening by the chance of B's happening once 


into the difference between the chances of C's 
hap- 


-—_—_— Fl = 
. — * "4 Þ 4 
ww hw - 

— alt 


— — * 


6.43.1 
happening 1, 3, 5, 7, &c. times and its happen- 
ing 2, 4, 6, &c. times in infinitum. | 

Quantities of this kind may be interpolated 
by interpolating the quantities contained in 
them, their indexes, &c.; they may be multiphed 
and divided by each other, proper attention be- 
ing had to the mode of tranſlation before given, 

If two or more different chances may juſtly 
be tranſlated into the ſame algebraical quantity, 
they may be concluded equal. 

A chance may confiſt of the ſum or difference 
of ſeveral chances, which may depend on the 
happening of ſeveral events, and be tranſlated 
accordingly. 

It may not be unworthy of obſervation, that 
the tranſlation of quantities into their different 
equalities or meanings, and decompoſing them 
by different methods into the different parts of 
= which they conſiſt, conſtitute a conſiderable ſhare 
of many ſciences. In arithmetic the bare expan- 
ſion of terms often develops many propoſitions 
before concealed: e. g. Let the chances of two 
events (4 and B) happening be to each other :: 
a: b; and the ſum of all the chances poſſible, i. e. 
certainty N; then will the chance of the events 


a+b 


— - 


TEE En os 
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A and B happening z times in 7 trials be 


* 
-b En. ab . LA 
e N. 


— —— 


K NY 


g . s EE. . xt = nab nb 
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of which the chance of happening 1 in one trial 
 a+b 


2. The chance of the events ('s happening 

(n—=1) times and (B)'s happening (1) times will 
a 

be the term LX I * and the chance of (A)'s 
happening (2 —/) times or more in (n) trials 
will be the ſum of all the terms to L x a x G 
included, divided as before by N*; and the chance 
of (A)'s happening fewer times than (n—/) 
and B's happening more times than (!) will = 
the remaining terms divided by the ſame diviſor. 

3. The chance of the event (4) happening an 


even number to its happening an odd number 


of times, will be as the ſum of all the alternate 
terms to each other; in a ſimilar manner may 
be deduced the chance of its happening every Ben 

time to the chance of its happening #* time. 
4. The chance of (A)'s gaining (27) games 
to B's gaining (/—1) games will be as 4 ＋ 4b 
+ 1. — a +... Lato the ſum of 
all the remaining terms; and from the ſame 
principles may be deduced the chance of the 
events (A)'s happening between 5 and & times 
to As or B's * between / and m times. 
5. The 


„ 


5. The chance of 4's happening once, twice, 


h 2 . 
thrice, or 4 times for B's happening once in x 
nel. JI | 
trials will L vs, where I=, 21, 31, 


or - x /; and the chance of its happening the 


abovementioned number of times or more to its 
not happening :: & - na "b+... LV to 
the ſum of all the remaining terms. 

6. The chance of A's winning r games more 
than B to the chance of his not doing it:: a” + 
nd "b+...+ Lav: ſum of the remaining 

2 
terms, where /= ]-] ͥ 

Innumerable other like propofitions may eaſily 
be deduced. 

If any of the preceding quantities are required 
to be equal, or in a given ratio to each other ; 
ſuppoſe them equal, &c. and from the reſulting 
equation or equations, by the principles of al- 
gebra, approximations, &c. inveſtigate the un- 
known quantities. 

The number of unknown quantities, as is well 
known, muſt not exceed the number of equations, 

In theſe problems, the unknown quantities 
mentioned are a, 6, n and N, and if three of 
them are given, the fourth can be found; if x 
be the quantity required, the equation will be- 

come 


( 36 I 
come an exponential one; if the proportion of 
a: b, and not the quantities themſelves, be re- 
quired, for à ſubſtitute 1. 

2, Let more quantities à, b, c, d, &c. be the reſpec- 
tive chances of any different events A, B, C, D, &c. 


a+b d+8&c. 
to certainty N; and — — = the chance 


of an event's happening; then will the chance of its 


5 
happening n times in 7: trials be * W = 


a“ L e. ( 


— — N 
© + d + &c.) + n.n—1 x &*(bc+ bd ＋ CA 


+ &c.) +... + Lab" d1&c. + &c. 
* ; = ec 
chance of 4's happening / times, B's hap- 
pening m times, C's happening p times, 
D's happening 3 times, &c. will then be 2. 
— t —2 n—l+ 2—1 n—l-1 1n—l-2 
. as . FI - . Hi X > . GE 5 
— 1 m——ol—/0 = I 


89 * „ 6 =," „ 


1 
— I e is —— I 
p I 2 
; NE „ (T) x ad- &c. ; 

where n /+m-+p+9+&c. divided by N*. 
Every ey contained in the preceding 
calc 


2 


4622 9 
caſe may be applied to this, and in the terms 
which include a, 6, c, d, &c. equally, as a and 5. 


a+b+c+d4+&c.YN__ Ya 
4  8N* a+ na"t'+. Ly et. 
SEES. * and 


conſequently if there are (m) events, of which 


the probabilities of ſucceeding are equal and 4 


marked 1, 2, 3, 4, + . n points, then will the 
chance of the happening of / points in z trials 
be L 
N 
3. If ſome terms favour two or more parties, 
decompoſe them into all their ſimple parts, and 
add the parts favouring any one to his expecta- 
tion. e. g. ſuppoſe the term 4b"; and let A 
(whoſe chance for ſucceeding at every one trial 
is a) gain, if he ſucceeds 7 times before B (whoſe 
chance for winning at every trial is b) ſucceeds s 
times, where r and s are equal or leſs than m and 
i reſpectively; and C (4* &) denote the num- 
ber of all the different combinations, into which 
the quantity @* & can be decompoſed, viz. 4 6. 
4 a, a B b a, 4 Þ A, &c. of which 


the number will be 3+ x b+k—1 h4+—2 


X 
2 | 3 . 0 
h +1 FTI i 
—— or =; then will the number of terms, 


B | in 


En . 
in which A gains be C(a"b") x H C(aπ . 
(a. (A x C(a%&"*) + C(an ) 


* C (as l .. . . . X C (AOX C(a bt); 


ſince in each of theſe combinations A gains (7) 
times before B gains (s) times; but the number 
m＋5—2 


of theſe combinations are m-+5—1 x — 1 


1% | 24 
| 3 . 4er) xr Tax 


m —3 n + 5 — 4 5 m 

2 Io 3 3 (or ) 
1—5 +1 + MS} + — 4 . = © 0 + 6 
$ m—1 I 

eee, (or =) x [—-5+2. V 
1 ＋ 75 m 5-6 Ly m—2 


* 6 9 YÞ 82 X 


1 3 n—3 —1 


z IF-s+1 - 
[—=5+3 x —— x — +... 471 


14 —2 F+S—? 5 r+ J 


* 8 „ Or buy 
2 3 r S—] 
[—s4+2 7 [—5+3 rr — ) 


2 . Mr (or 


If in the above quantity for ander be ſub- 
ſtituted /—1 and 5s; and vice versa for i and 
s be ſubſtituted and 7, the quantity reſult- 


ing will expreſs the number of terms which fa- 
vour B. 


1. If 


( 19 ) 

4.1. If the chance depends on the expectations 
contained in a number of ſucceſſive trials: Find 
the chance of the expectation from the firſt 
trials; then find the chance of its failing in the 
firſt and ſucceeding in the ſecond, and ſo on in 
infinitum; or the chance of its ſucceeding in the 
ſecond to be added to the firſt, and ſo on; the 
ſum of the reſulting chances will be the chance 
required. 


2. If the ſeveral expectations depend on the 
chances of ſome events happening and others 
* failing or happening in ſome given relation to 
them: Find the chances of each of the events 

9 happening and the other failing or happening in 
; the given relation; and ſo of each of the ex- 
peectations; and thence the chance required. 

J Ex. 1. Let the chances of bon events A and B 


— . 
4 * Va, 
4 — Fa 

£ * HR 


b 
2＋55 then 
the chance of the event A happening r times 


happening be reſpectively —— == — and —— 


more than 6 in : trials will be — (a in 12 


2 


ab 
trials will be Ga (re,) in 1 ＋4 
ab 2 
trials will 4 (a - by „(ITX r- 


ah? & 
* nx). and in general it will be (a a-EbY * 


B 2 (1+r 


NM ee eee 
(1+ xt 7 2 X (p06 On 


rg a  ro+; r+6 r+7 
ee gx 
a+b+ | r+l+1 Iz r+1+3 


(a+ at b) + « + © ＋ 7 * 2 » 3 . 4 
— 4 G. 
——.)ͤ— a * get oo + 6c, in ink 
nitum). | 
This may be deduced from the ſubſequent 


2 m—1 2t1—2 


arithmetical theorem. viz. 2 * 


2 3 
2 M—S 2m — 3 2 2—4 
8 71 — +r x (2m—2) . . 3 * © „ 
——1 7 2 — 
—.— — "ney 2 3 
22—5—2 9 r+ . 2m—7 
ET 1 x (2m—6) . 2 
2 m—B 2 2 M—$—} ＋ $+2 
. + .* 6 $—2 —+ * 4 0 * 1 2 . 
r- 5 1-25. 
. e 5 - = (zn). 


F I 
1＋zm— 1 T+2M—2 ＋22—3 2 .—5 
N 5 . "ha . &- * 0 1 ; 
Ex. 2. If it be required to find the chance of 
A's ſucceeding # times as oft as B's preciſely : 
in ni trials it will be found (z+1) 27 5 


= P; 


( 21 ) 

=P; in 2u+2 trials it will be found P+2 . 
(n-+1) x 755.7 == 9; in zu z it will be 
333 

22 (32＋½-1) 1 Dx &c. The 
ſame . may be applied to innumerable 
examples, and ſimilar propoſitions may be col- 
lected (mutatis mutandis) when applied to the 
caſe contained in the following theor. 

5.1, Let a, ö, c, d, &c, be the reſpective chances 
of the happening of «, P, y, d, &c.: in one trial 
(4), and (ax* + bx®+ cx? + dx* + &c.)" = 
a e .. . . Nx* + &c.; then will N be the 
chance of the happening of 7 in u trials. 

2. Let r, , t, &c. be the reſpective chantes of 
the happening of p, , 7, &c. in one trial (B), 
and (ax*%+bx%+cx2+&c.)" x (rx 
&c.) e +,..N'x*-þ-&c.; then will 
N' be the chance of * happening in trials of 
A, and m trials of B. 

The ſame principles may be applied te to more 
quantities, &c. 

From ſome data in the Meditat. Analyt. * 
Philoſ. Tranſ. t be deduced other ſimilar pro- 
poſitions. | 


* 


BJ THEOR, 


( 22 ) 


THEOR. 


1. a+b . a+b—1 » a+b—2 , ab+b—3 0 


a+b—n+1 = = 4 . 2—2 . . 4 HI 


— 221 


nx 4. 4—1. 4—2 . 


— — 


4. . 2 . . . b-1+n. 


721 —2 — — 2— — — 
| e606" 19: of eee. 4. A=—1I ., 4— 2. , 6—N+4. 0. b—1 
W672 0% | 
5—2 +1... . » 4 ,4—1 . 4—2 
e 


N b—1 . b—2 . b—J +.... 


—  (  « — 


+ Lxa. a—1 . 4—2 . . n+ x b x EI. 
b—z . b—3...b—l+2...+Mxa. A=—T... 


a—nod+-m x b . b—1 . mz +...+ 


"il. — 2 a—1.6. b—1 .b—2 .b=3... 


b—n+3 +7. axb, b—1 by 5 +0 0 b—n+2 
+ b . i. b=2 . b—3 . . I. 

2. If for the terms a+b—1, a+b—2, a+b—3, 
&c.; 4—1, 4—2, 4—3, &c.; b—1, b—2, b—, 
&c. be ſubſtituted a ＋ —x, a+b— 2x, &c.; 
a—x, a—2X, &c.; b—x, b—2 x, &c.; the equa- 
tion reſulting will be-equally juſt: when xo, 
it becomes the binomial theorem. 

3. Let @ and 6 be the chances of the two 
events, 


(46 1 
events, of which the ſum of all the events poſ- 
ſible or certainty is N, and after the firſt trial 
let the ſum of events or certainty be diminiſhed 
by 1, i. e. let it be N—1, and alſo the numbers of 
events to happen (a and) or to be drawn, be di- 
miniſhed by 1; and in the ſame manner, after the- 
ſecond trial, let N be diminiſhed by 2, and the 
number of events to happen (a and 5) be ſtil] di- 
miniſhed by 1; that is, let it be a—2, if àa happen- 
ed the firſt and ſecond time; or a—-1 and b—1, if 
a and b happened each once only; and fo on: then 
will the chance of the event (of which the chance 
a+b6 


of happening the firſt time 1s - N) happening 


8 a+b x a+b—r . a+b—2 
n times. together be N. METRES N= 


— — — 


2 py ant ary 2 1222 -A 
5 N—n+1 


nn ES 


＋ AXA. a—1 , =; "a 


2 
N. N—1. N—2. N—3. 
x4. —1. . . . S. 
e FIN e . oy 
1—2 
7 nr 22. E. r. b—2 


ke i 


3 4 +, 


6886 


— — 


* 
* 


DZ... ED . . EI. . 


2 ＋ . b—1 jy er" ont 
—: it ap- 


pears that the chance of the event s, of which the 


Probability is happening 275 times in (2) 


. 


L X 4. 4—1.4—2 
trials, and no more, "will be —= 


8 
3% u I b. r. 2. . 


a+b—1.: ; a+b—n+1 
From hence it follows, that every thing 


aſſerted of the. former. caſe may oqually- be ap- 


plied to this, by only ſabſtituting for 4x & in 


22 Oh a 


the former caſe the content a . a—1 . 2-2 


2 LI x b x b—1 x b—2 ... ACI, and for 


N' the content N. N—1 , N—2 . N—n-+1, 

3. When more quantities a, 6, c, d, &c. are 
contained in trials of this kind, then every thing 
that is aſſerted in the former caſe may alſo equally 
be applied to this, for the former will be tranſ- 
formed into this by writing in it for 45 the con- 


_— mw 


tent a * a—1 x - 2. a—l+1, and ſimilarly 
for , c, di, &c. reſpectively, the contents 5. 
b—1 


( 25 ) 


fear. . Ai, c * c I 424 


c—p+1, 4. LL. d=2 .. d=q+1: the co- 
efficients of the terms in both caſes are the ſame, 


6—ͤ— „„ 


1. e. the coefficient of the term @ . a—1. 2—2. 
. 1 : b—2 . . b—k+1 K 


— — — — 


„ 5 . 


EI x &c. will be u. . 3 * = 
. I 8 . = 17 
1 2— 1 —4—2 7 
** ; © 0 6 
i 1 — Den 1 


2 2 
— 1 .— — —2 ben] bone — 1 — — 
x 5 : a 1 85 72 1 


= 12.4.5 


— . 


Sx tmml —h—p * 


in the ſeries for (a +6 +c+04 ob &.) x (a 


+b+c+d4+&,—1) x x (a+b+c+d+ 


\ &c—2) x (a-+b--c+d+8&c.—3) ., a+b+c+d 


＋&c.— AI) =* (a—1),(4—2).(a--n+1) 
＋ 24. (a— 1) (a—n+2) x b A. —s 1 
(a—1) . . (a—n+3) Xx S. (b—1)+&c. which is 
alſo the coefficient of the term a # &c. in 
the power u of the multinomial a+ b-+ c-+ 4 
-+&c. expanded, i. e. (a+b+c+d-+&c,)" = 4" 


+ Aa YA. — a EA &c. 


Cor. 


( 26 ) 
Cor. The ſum of the contents of every n—; 
of the (n—1) numbers 1, 2, 3, 4, . . . #—1 x 


ae YE Ione TY 670.4 Derr . 
2 3 r 2 3 
2 , 


(H) x ſum of the contents of every (n—s) 


1 255 numbers 1, 2, 3, 4. . - —1 + H x 
— 


2 the numbers 1, 2, 3. 1 —2 * um of the 


— — (L) x ſum 


of the contents of every (z—5s—2) of the num- 
bers 1, 2, 3, . . . 1—r—3 * ſum of the products 
of every two of the numbers 1, 2, 3. . , r 1, 
2—7—2 | 
＋ L* 13 
every (—.—3) of the numbers I, 3% 1——4 
x ſum of the contents of every three of the num- 
bers 1, 2, 3. 7, I, 2 + &c. 5 being 
leſs than 7. 


numbers 1, 2, — 


——(M) x ſum of the contents of 


( #7 ) 


ON ANNUITIES. 


Let u, 1, n", 1", &c. be the numbers of per- 
ſons living according to any bills of mortality 
of the ages of N, NI, Na, N++3, &c. years, 
and m, m, M., m., &c. the number of perſons 
living of the ages of M, M+1, M2, M+3, &c. 
years, and p, , p”, P., &c. the number of per- 
ſons living at the reſpective ages of P, P+1, 
P+2, Pz, &c. years; a ſimilar notation may 
be uſed for the reſpective ages of & 21, 
2-+-2, &c.; R, R+1, &c.; S, S-F1, &c.z 1 8 
T-+1, &c. years. 

1. The chance of a perſon of N years of age 
living one year according to theſe tables will be 


- (or number of perſons living at the end of 


the year divided by the number of perſons living 
at the preſent time); of his living two, three, 


tt 8 
» +. y years will be reſpeRtively ©, 2 - 


2, If = = be the chance of a perſon's living for 


| x | 
any time; then „ ſubtracted from certainty (1) 


will be the chance of his dying in the ſame time, 
N—Xx ; 
454 


viz. 


3. Let 


( 28 ) 
3. Let r—1 be the intereſt of one pound for 
one year, and the preſent value of any ſum of 
| money L to be paid at the end of v years on the 
| happening or failing of certain conditions in 
that time, of which the chance of their happen- 


| 1 0 * 77 | 
ing or failing is V, will be L* S e. g. the 
chance of a perſon of N years of age living one 


year is 4 and the preſent value of his expecta- 


tion of L pounds at the end of the year is L x 


1 
„es at the end of two years L x , &c. 


4. Let the preſent value conſiſt of ſeveral ex- 
pectations; from the preceding principles find 
the value of each of the expectations and add 
them together: e. g. the preſent value of an an- 
nuity L for the life of a perſon of N years of 
age at r—1 rate of intereſt from theſe princi- 


1 


1 
ples will be found LX ( + 5+ 3+ 


&c. to the extremity of life). 
Ex. 2. The preſent value of the perpetuity of 
L pounds annually, to commence at the begin- 


ning of the year immediately after the death of a 


perſon of the age of N will be LX (= + 


n= nn" I I I 
nr ur T* =L (CA 


629) 


5 + &c.) preſent value of the perpetuity — LX 


, of 
| = 2 25 + 7 * &c.) preſent value of the 
life annuity. 

Ex. 3. To find the preſent value of an an- 
nuity CL) for the joint lives of perſons of the 
ages N, M, P, & &c. 

The chance of a perſon living to the end of 
any year will be from the tables = the number 
of perſons living to the end of that year divided 
by the number of perſons living at the preſent 
time, and conſequently the chances of perſons 
of the ages N, M, P, Q, &c. "—_ to the end of 
ump yg 
if ely =, — mp 75 „ &c.; 
and their chances of living to the end of the 


x n 7 * 


ſecond year will be =, „ 5˙ 6 &c. reſpec- 
tively, &c.; and eee the chance of their 


the firſt year will be reſpectiv 


9 


joint lives continuing the firſt year will be 2 * 


a =x x 3 x &c.; and the chance of their joint 


5 4 
n mM. 


lives continuing the ſecond year will be = x — 
| n m 


35 x © x &c.; and ſo on; whence the preſent 


value of the annuity for their joint lives at r—1 
rate 


6 


rate of intereſt will be — = (52 22 75 &c. ) 
L 2 
+7 1 1 „ xt RE 
P. gf 


* 7 * &e.) + &c. to the complement of 


the oldeſt life. | 

Ex. 4. To find the preſent value of an an- 
nuity (L) to be paid on condition, that a num- 
ber of perſons N, M, &c. be living, and ſome 


other perſons P, Q, &c. be dead. 
The preſent value of the annuity will be 
7 (= m. &c. x (þ—þ') . (q—9').&c. 
n. m. p. 9. &c. r | 
1. m.. &c. X (p -) . (2-9) . &c. 
par” + 
Ul n Kc. * UL " 
1 — M 1 „ 
This ſeries muſt terminate at the complement 
of the oldeſt life of the perſons N, M, &c., 
which ſuppoſe N, for the condition of the per- 
ſons N, M, &c. living neceſſarily ends at that 
time; it muſt alſo change at the complement of 
life of P, if P be the oldeſt life, and older than 
N for then P muſt neceſſarily die, and the con- 
dition becomes that of N, M, &c. living and 
2, &c. dying; and there muſt occur a change 
in the ſeries at the complement of every life 
older than N; proper diſcount being allowed in 
the 


ao. 


C28 1 
the new ſerieſes from the preſent time to the 
complements of life. 

Ex. 5. To find the preſent value of an an- 
nuity for the longeſt liver of perſons, of which 
the ages are reſpectively N, M, P, L, &c. years 
at r—1 rate of intereſt. 

The chances of the perſons of the ages N, 
M, P, Q, &c. dying in the firſt year are reſpec- 
tively 1— 8 , I— —_ i=; 55 &c.; and con- 
ſequently the chance of all of them dying in the 


firſt year will be — X —2) 0-50 
# 
Pp 


J AS... 4 (= 
wy ＋ ns e. — amp T Ke.) + &c.; 
which ſubtracted from certainty (1) will leave 
the chance of ſome one or more living during 
the firſt year = K + — 5 5 
np mp 2 

++ 75+ c + (Fa, + &c.) Ke. 


and divided by r gives the preſent value of the 
chance of the annuity payable the firſt year; 
and in a ſimilar manner it may be deduced for 
every ſubſequent year; whence the preſent value 
of the annuity will be found = ſum of the 
values of annuities for all the ſeparate lives of 


perſons 


* &. = 1 — 


+ &c.) — — 


IT ane 6 


— — — — 


. — 
. — 


CC OSS Boa. CoA, ,] 


— nr COOoo_—_ 
* 
. 
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pcrſons of the ages of N, M, P, 9, &c.— ſum 
of all the values of annuities for every two joint 
lives of the abovementioned perſons + ſum of 
the values of annuities for every three joint lives 
— ſum of all the values of annuities for every 
four joint lives of the above mentioned perſons 
+ &c. 

Ex. 6. To find the — value of an an- 
nuity, on the ſuppoſition that 8 pounds is to be 
paid at the end of the year, if no perſon is dead, 
S' if one perſon only is dead, &“ if two perſons, 
$” 3f three, &c., and the number of perſons to 
be (J), of which the ages are reſpectively N, M. 
P, 2. &c. 

Let 4 = value of the annuity of 1. for 
the joint lives of all the abovementioned per- 
ſons, of which the ages are N, M, P, Q, &c.; A 
the aggregate of the values of the joint lives of 
each (/—1) perſons abovementioned; A“, A“, 
Au, &c. the reſpective aggregates of the values 
of the joint lives of each I—2, —3, ]—4, &c. 
of the ſame perſons; then will the annuity re- 
quired be. 

AxS+(A'—lIxA) x&'+ (4"—(/=1) * 


: . 
4 ＋ 1. 4) (A U-. 


— 
69 24 — . e 


3 
4 — 


(.-3$-3 
(UE (2) x 4 (>1) 


222. "Ba "a 
- 5 * A $1. ; "Ws A 
8, + &c. 

This will appear from multiplying the preſent_ 
chance of each ({—#) perſons N, M, &c. 1 


nm . 


= 


for each year, vi 


chance of the 60 dh "pero . in 
the ſame year. 


Cor. Let A denote the chance of the (1) per- 
ſons living for any time, A the aggregate of the 
chances of each (/— i) of the abovementioned 
perſons living the ſame time; A” the aggregate 
of the chances of each (/—2) abovementioned 
perſons living the ſame time; and in the ſame 
manner let A”, A“, &c. denote the reſpective 
aggregates of the chances of each /—, 7—4, &c. 
living in the ſame time; then will the chance of 
all the (J) perſons living during that time = 4 
as before, the chance of all but any one living 
during that time = x A, the chance of all 
but any two living as beforementioned = 4%— 


* 
(1—1) A' +1. : = x A, the chance of all but 


any three 1 to that time = A! — (Ia) x 
A" + (1—1). CE J. — 4 the 


C | chance 


(04 -3 


chance of all but any four ng as before = 


Pa L+ (=) 4 (11) 


—2 —3z . [—1 Fat —3 
8 3 x A | © 9 * * * A ; 
&c. 


Cor. Let B' be the aggregate of the chances 
of each perſon N, M, P, Q, &c. living a given 
time; B"the aggregate of the chances of every 
two abovementioned joint lives for that time; 
B” the aggregate of the chances of every three 
joint lives of the perſons V, M. P, Q, &c. above- 
mentioned for the ſame time; B' the aggregate 
of the chances of every four joint lives of them 
for the ſame time, &c. then will B' = Ali, BY 
= Ai, B, = A", &c.; and conſequently the 
chance of all the (/) perſons N, M, P, &c. dying 
in the given time will = 1 — B' + BY— B”-+ 
B““ — &c.; the chance of one perſon only living 
during the ſame time will be B'— 2 B” + 3 BY — 
4 B“ + &c ; the chance of two perſons only 
living during the ſame time = B”—q B“ 4. 
3 HW 4 3 to 5 4 3 76 
. r —&c.; 
the chance of chk perſons only living during 


the ſame time = B— 4B 4- 45 : B56. 2 


5 5 1 , 
. 19 — &c.; and in general the 
3 | 


chance 


("36 3 
chance of (&) perſons only living during the ſame 
k+1 
time = B'%— (EI) x B*** + (+2). SM 


Bib nm (k+3) x —— , = 
= 1 55 5 5 75 x BI.]. — &c. 
* 3 ©*:$ 
This cor. may either be deduced from the 
preceding, or eaſily inveſtigated by multiplying 
into each other the chances of the perſons ſup- 
poſed to be living or dead, 


Cor. By adding the chance of all the perſons 
dying to tbe chance of only one living, there 
will reſult the chance of one or none living ==" 
1 — BY +2 BY— 3 B“ 4 B:* — &c.; and by 
adding this ſum to the chance of only two living, 
there will reſult the chance of two, one or none 


— 55 ED / 2 3 t. 4. 3 
living =1 —B”' +3 B —4+-28 +5 8 
B. — &c.; by adding this ſum to the chance of 
three only living, there will reſult the chance of 
three, two, one or none only living = 1 — B” 


x B.. (A4) 


＋ 4 8 — 5.2 x B'*+6. . * B — &c., 


and in general the chance of not more than (2 
perſons living to the given time = 1 — Br 4. 


, eee 
(E ＋ ) B. — (2). — B+ (t+3). 
C2 E＋2 


6 
k+3 2 K 


E ＋2 F217 

n . B 0 .* 
1 F 

B. Kc. Si- BY + (+1) Bt — 


2 
R x B 3 + 23 Xð* Tx prot — i, JV x B''t+s5 


+ &c, where R, J, J, &c. denote the preceding 
coefficients, 


This cor. can eaſily be deduced from the pre- 
ceding and the ſubſequent propofition, Ii 7 


* 


—1 UT 12 1—1 12 n=; 
. 2 NA. 2 . 3 9 9 "Sf 
BI 1—2 1—3 2—1 ＋1 
% . 2 0 3 2 IG „ 2 X / 
he —2 1—3 1—4 — 
6 1) * 2 o 3 . 4 © * „ * EF * 


The chance of not more than & out of / per- 
ſons living to any time will be the ſame as the 
chance of (/—4#) or more perſons dying before 
that time. | 

Ex.7. To find the preſent value of an annuity 
to continue as long as (a) lives out of (a-+6) 
given ones N, M. P, Q, &c. ſhall continue in 
being. 

From the problem it eaſily appears, that the 
preſent value of the annuity required for the firſt 
year is the aggregate of the ſeveral values of an- 
nuitics for every (a) perſons contained in the 

above- 


=o 


abovementioned N, M, P, Q, &c. living, and the 
remaining (6) dying in that year, and for every 
(2-+1) of thoſe perſons living and (6—1) dying 
in the ſame year; and for every a+2, @+3, 
a4, &c. perſons living and the remaining bþ—2, 
b—3, b—4, &c. perſons dying in that year: and- 
in the ſame manner may be deduced the values 
of the annuity for all the ſubſequent years of 
life. 

Let &, &, &“, S“, &c. reſpectively denote the ag- 
gregates of the preſent values of all the annuities 
for every (a) joint lives of the abovementioned 
perſons N, M, P, Q, &c.; for every a, a2, 
2 3, &c. joint lives of the ſame perſons N, M, 
P, 9, &c.; then will the aggregate of the preſent 
values of the annuities for every (a) of the 
abovementioned perſons living and the remain- 

a+2 


ing (6) dying be S — (a+1)S'+ (a+1). 


; ＋ 2 ; 
$'—(a+1). — 4 x S. &c. the aggre- 
gates of the 1 of the annuities for every 
(4 ＋1) of the abovementioned perſons living 
and (b—1) dying will S'—(a+2) S"+(a+2) 


SS (a+2 41.5 — e + &c.; and 


in a ſame manner 5 aggregates of the pre- 
ſent values of the annuities for every a+2, a+3, 
a+4, &c. of the abovementioned perſons living 

C3 and 


(2-3 
and 5—2, b—3, &—4, &c. dying will be reſpec- 


tively S'— (42 ＋ 3) S"'+ * 3) — S, & 


45 


8 ( a NC 4) — ＋ ( a — r +5 TT &c. \ SV. 


(a+5) S""+ &c., and 8 the preſent 
value of the annuity required, which is the ſum 
of the preceding quantities will be S—aS'+ 4. 


a+1 _, a1 a2 a+I a2 
— io S — 4 . - 5 a ES eo 0 
2 2 3 3 
2＋3 Wart | c. 
4 


a2 "I 244 


R 
a2 2 ＋3 os. —— 
r 3 + (4+3) 


a+-4 a+ a+Z a a+6 
Rn Þ I. Z —(6+4)! +5 


222 | Win, 
FS + . . . = (a+2=1). = (a+2) 


For the quantity (a+1) . 


l a+2 a+ Ke 

„3 or Ig 1 TE 
Ex. 8. Let an annuity of S at the end of the 
year become due, when the number of (/) per- 
ſons leſs than &, but not leſs than a, be dead; 
in the ſame manner let an annuity of $4 become 
due at the end of the year, when the number 
dead be leſs than c, but not leſs than 5; and the 
lame of Sc and Sd, when the numbers are leſs 
than 


© 9 3 
than d and e, but not leſs than c and d reſpec- 
tively, &c.; to find its preſent value. 

Find the ſum of the chances of any number 
of perſons leſs than 5, but not leſs than (a) dy- 


ing in the firſt year, which multiplied into S a, 


let be Ta; in the ſame manner find the ſum of 
the chances of any number of perſons leſs than 
c, but not leſs than 4, dying in the ſame year, 
which multiplied into 86, let be 76; and 
ſimilarly of the reſt: theſe ſums can eaſily be 
deduced from the propoſitions before given; 
then will the preſent value of the expectation 


Ta+Tb—+&c. 
for the firſt year be = : in the ſame 


manner find the ſum of the values of the expec- 
tation for the ſecond year, which divided by 22 
will be its preſent value; and ſimilarly may be 
found the ſums of the values of the expectations 
for the remaining years. 


By the data of the problem, ſuppoſe that, of the 
_ perſons of given ages, the number of the living or 
dead to be given, which ſhall give title or claim to 
a certain annuity; and in the preceding problems, 
by the aid of tables of mortality, are taught the 
methods of finding the chance of any perſon's 
living or dying in every year, and conſequently 
the chance of the given annuity becoming due in 
each year, from which and the rate of intereſt 


C 4 | can 
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can be found the preſent value of the ſaid an- 
nuity. 


PROSE. TI 


1. To find the preſent value of an nut) | 
(L) for a life N payable every half year, + part 
of a year, quarterly, and in general ; part of a 
year, on the ſuppoſition of equal decrements of 
life between any two ſucceſlive years. 

The ps value of the annuity during the firſt 
ee . 6 (b—2)n+2/ 


call ies Tx 
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2 102 4 ()) it being equal to 7 
hxr* xn 


x into the number of perſons living at the re- 
| * 

ſpective parts 4 7 z, — + and end of the : 

year divided by the number of perſons living at 

the preſent time (a) multiplied into the root of 


2 
r, of which the index 5, 5, 2, &c. correſponds 


to the part from the beginning of time, (which 
is the amount of V. at r—1 rate of intereſt for 
the part of time) and multiplied into B. In the 
ſame manner may be deduced the value of the 

annuity 


* 
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annuity for the life of N at yearly payments; 


b—r h—2 = I 
H = ＋ 2 — oo: 
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x? 7 5 75 
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In ſore caſes it may be of a little advantage 
to ſubſtitute 1 ＋ o n for r, when o has a very 
ſmall proportion to v. 

2. On the hypothelis before aſſumed of equal 
decrements in equal times between any two ſuc- 
ceſlive years, and the preſent value of annuities 
at yearly payments for the joint lives of (&) per- 
ſons of N, M, P, Q, &c. years of age, of which 
the complements are as before 2, m, p, 9, &c.; 
and alſo the preſent values of yearly annuities 
for any (4) joint lives, of which ſome are of 
N—1, M—1, P—1, 2-1, &c. years of age, 
and the remaining ones of N. M, P, & &c.; but 

with 


(3 

with this exception, that the lives of N and 
N—1, M and M—1, P and P—1, &c. reſpec- 
tively are never joined together in the above- 
mentioned (+) lives, being given; the preſent 
value of the abovementioned (4) joint lives of 
N, M, P, 2, &c. years of age at half yearly; 
z part, quarterly, and generally ;; part of a year 
payments can be deduced : 

From the preceding principles it appears that 
the preſent value of the annuity beforemen- 
tioned will be equal to rer. 7 . 
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all the letters denoting the 1 quantities as 
before. 

It is evident from multiplying theſe factors 
into each other, that the contents reſulting 
are eaſily reducible into ſerieſes before given for 
finding the values of annuities, 

On the ſame hypotheſis, and from the prin- 
ciples taught in theſe two caſes, can be deduced 
the preſent values of the annuities contained in 
all the former propoſitions by half yearly, + part 
of the year, quarterly, and in general part of 


the year payments, 


PR 0-8. i. 


1 From the preſent value of an annuity (L) 
for a life of N years of age; to find the ſame 
value for a life of N—e years of age. 

Let u, n, u. n, n „u reſpectively denote 

* 4—2 e—1e 
the number of perſons living contained in the 
given tables of mortality at the ages of N—1, 
| N=—2, M3. . . N—e+2, N—e+1, N—e; 
then 


1 
then will the preſent value of a life of N—e 
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denotes the preſent value for a life of IN years 
of age. 

2. From the preſent value (V of an annuity L 
for the joint lives of perſons of N, M, P, Q, &c. 
years of age being given, to find the preſent value 
of the annuity (L) for the joint lives of perſons 
of N—e, M—e, P—e, Q—e, &c. years of age. 

Let a ſimilar notation to the preceding given 
for the number of perſons living at the ages of 
N—1, N—2, . . . , N—e be applied to denote. 
the number of perſons living at the ages M—1, 
M2, . . Me; P—1, P-, „ Pe; r, 
2—2, . . De; &c. the value required will be 
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3. The preſent value of an annuity dependent 
on the living of (a) perſons and dying of þ per- 
ſons of given ages, can be deduced from the 
values of annuities for the abovementioned (a) 
joint lives, and alſo for the ſame lives joined 
with the 6, b—1, b—2, b—3,..., 2, 1, o lives: 
from the ſame principles and data may be de- 
duced the preſent value of an annuity dependent 
on the living of (a) perſons, and dying of (5) 
perſons, of which the reſpective ages are 1, 2, 3, 
&c. years younger or older than the preceding. 

4. From the preſent values of annuities for every 
a and a—1 of the beforementioned lives joined 
with the 6, 6—1, 6—2,..., 2, 1, o lives, may 
be deduced the preſent value of this annuity 


payable at half yearly, quarterly and every; part 
of a year payments. 

5. From this annuity by the preceding princi- 
ples may be found the ſum of a ſimilar annuity 
for perſons, of whom each is 1, 2, 3, &c. years 


younger 
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younger than the perſons N, M, P, Q, &c.: for 
by the preceding propoſition from the aggre- 
gates S, &, &“, S“, &c. before deduced, may be 
found ſimilar aggregates for perſons, of whieh 
the ages are 1, 2, 3, &c, years leſs than the ages 
of the beforementioned perſons. 

The principles before given may be applied 
to find the preſent value of the annuity at half 


yearly, quarterly, &c. payments. 


P ROB BE 


1. If a perſon 1 is entitled to a ſum of money 
(4) on the contingency of a certain event, and 


to an equal ſum of of money (4) on the con- 


tingency of a ſimilar event after the happening 
of the firſt, and ſo on repeatedly for ever; to 
find the preſent value of all the ſucceſſive ex- 
pectations. Let the preſent value of the firſt 
expectation be B, then will the preſent value of 


+ 
all the ſucceſſive expectations be B + — + —. = 


2. Let the preſent value of the firſt expecta- 
tion A be B, of the ſecond C at the time 
of receiving the firſt be D; of the third E at 
the time of receiving the ſecond be F, &c.; then 

will 


— — — —— 
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will the preſent values of the ſucceſſive expecta- 


＋ Bx Dx F 
tions be B,. —,, b 247 RT „&c. 


1. When * preſent value of a ſum of money 
to be received immediately on the contingency 
of events be required, of which the probability 
of happening is known, then the expectation, 
probability, &c. depends not only an the con- 
tingency of events before the end or beginning 
of a year or time, of which the probability is 
contained 1n the tables, as annuities; but on rhe 
intermediate time contained between any two 
ſucceſſive ones, of which the probabilities are 
contained in the given tables. | 

In this caſe ſome hypotheſis muſt be aſſumed 
for the intermediate times, and perhaps none or 
very few will be fo eaſy, or anſwer more agree- 
ably ro the truth, than the hypotheſis during 
thoſe little intervals (particularly in middle age) 
of equal decrements in equal times. 

2. If the ſum of money (S) or advantage, &c. 
1s to be paid immediately and not at ſtated times 
on certain events happening ; the value of the 
preſent expectation of the events happening at 
a given time 1s equal to the ſum of all the chan- 
ces of the events happening at that time * 5; 
diſcount being allowed from the preſent to the 
time at 7r—1 rate of intereſt. 

3. Yeo regard is to be had to the order, in 

which 
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which the events ſucceed each other; the chance 
of one ſucceeding 'another may be different as 
eſtimated from different hypotheſes, but if in 
calculating the values of annuities, &c. the hy- 
potheſis of equal decrements in equal times be 
aſſumed, and the ſame limit is aſſigned to their 
continuance in life, or in other words they have 
the ſame complements of life; then will the 
chance of the former dying before the latter be 
equal to the chance of the latter dying before 
the former; and forther if à be the number of 
ſuch perſons, required to die in a given order ; 
then the probability of their dying in the order 
mentioned, to their not dying in that order, will 
be as 1: 1. 2.3. 4. . (a—1). a—T. 

4. To find the probability of ſurvivorſhip 
between two perſons A and B, whoſe ages are 


N and M. Let 7 and m denote the number of 


perſons in the table living at the ages N and M 
as before, and H and H the number of perſons 
living at the ages L+N and L+N-+1, and I 
and I the number of perſons living at the ages 
L M and L+M+1, and let x be any diſtance 
of time from LN contained between LN 
and L--N+1; then by the hypotheſis of equal 
decrements; 1 year : x :: HH: the decrements 
of life in the time x; and conſequently H—x x 
(HH) may be ſuppoſed the number of per- 
ſons living at the time x or age L+N--x; and 

D H—x 


2 w 
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H—x x (H—H') | 
— 0 e the chance of a perſon at the age 
N living to the age L+N+x; from the ſame 


principles the preſent chance of a perſon of the age 


L+M dying at the time à will be (I 1) x =; 


and the probability of A's ſurviving B at the time 
x will be as the chance of B's dying at that time 
and Ass living to it, and conſequently as (II) x 
H—x x (H—H') 
. 
tained between the values o and 1 of x, will re- 

| / H—:;(H—H') / (AH) 
e 7 2 
which is the probability of ſurvivorſhip of A be- 
tween the ages N+L and N -L I of A, and 
ML and M+L+1 of B, and ſo of every 
other year during their continuance in life. 

2. If A is to receive a ſum of money (&), pro- 
vided he ſurvives B, then the chance of his be- 
coming entitled to it between the ages NL 


and NAL I will be, as in the preceding calc, 


/ 


x x, of which the fluent con- 


H 
(1—T') x SHER and the preſent value of it, if 


it is to be paid not before the year of his age 
N+L+1 will be that quantity x & and divided 
by, where v the amount of 1. for a year as 
before; but if it is to be paid immediately, then 
find the fluent of the quantity S * ({—T7) . 


2 


(4 
H—x x(H—H") . 3 
. _ D RN Sx(I—I 717 7 M . 2 * 
contained between the ſame values o and 1 of x, 


which will be the preſent value of the required 

H— H b—H 
expectation, where 6 = loz and a= —; 

g. 7 

and in the ſame manner find he expectation for 
every other year during life, which being added 
together gives the whole expectation. The 
fluents of the fluxions — Xx x, Xx xx, and in 
general — Xx x"x, m being a whole number, are 
known. 

5. To find the preſent value of a given ſum 
of money S to be received if one man A, whoſe 
age is N, ſurvives any number (a) of perſons B, 
C, D, E, &c. and of which B ſurvives C, C ſur- 
vives D, &c.: from the preceding principles find | 
the chance of A, whoſe age is N, living to the | 
age N+L+x, and allo the chance of B dying _ 
in the time x; and further the chances of C, D, l 
&c. dying before they have lived Lx years; [ 
all of which being multiplied into each other, 
and divided by 1.2.3 .. (a—1), ſuppoſe Y x x; 
the fluent, corrected as before, of the reſulting 
fluxion and divided by r***, if the ſum is not 
to be paid before the end of the year, will give 
the preſent value of the expectation in the year 
contained between N-+L and N+L-+1 of his 
age: but if the ſum is to be received immedi- 

D 2 ately 
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ately on its becoming due, find the fluent of 


Vx I 
u contained between the beforementioned 


values o and 1 of x, and it will give the preſent 
value of the chance of 1/,. for that year, and in 
the ſame manner may be found the values of 
the chances for every year, of which the ſum 
multiplied into & gives the preſent value of the 
expectation required. 

6, If the order of ſurvivorſhip for the perſons 
B, C, D, &c. is not given, then find the above- 
mentioned expectation when B 1s the ſurvivor, 
and dies at x, and in the ſame manner when 
C, D, &c. are reſpectively the ſurvivors, and die 
at x; and the aggregate of all theſe expectations 
let be x, the fluent of which fluxion contain- 
ed between the values o and 1 of x divided by 


; or the fluent of the fluxion of * 
contained between the ſaid value of x will give 
the value of the expectation of (A) between the 
NAL and N+LZ-+1 years of his age: and in 
the ſame manner may be deduced his expecta- 
tion in every other year, and thence the ſum of 
them or the whole expectation. 

7, If the expectation depends on the chance 
of b perſons dying out of # perſons, whoſe ages 
are given, and A's; whole age is likewiſe given, 

ſurviving; find by the preceding principles the 
| chance 
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chance of any one of the (Y) perſons dying at x, 
and the chances of any þ—1 of the remaining 
ones dying before that time L+x, and the 
chances of the remaining k—h perſons and A 
living to the ſaid time L; and fo of each of 
them; the ſum of all theſe chances ſuppoſe Yx, 
SXV SV 

find the fluent of —;; i or i, as before; 
and it will be the preſent value of the expecta- 
tion for the year abovementioned. 

In the ſame manner may ſimilar queſtions re- 
lating to the chances of perſons living or dying, 
whoſe ages are given, be anſwered. 

Cor. As the ſum or whole value of all theſe 
expectations are reducible into the values of the 
joint lives of the given perſons, multiplied by 
given quantities, and as the values of all ſuch 
joint lives, &c. have been before ſhewn to be 
deducible from the value of the joint hves, &c. 
of perſons one, two, three, &c. years older than 
them, it follows that theſe expectations may be 
reduced from ſimilar expectations of perſons 
one, two, three, &c. years younger than them 
and vice versa the expectations of perſons 
younger may be deduced from thoſe of the older. 

Life being very uncertain, and liable to an al- 


molt infinite variety of accidents, which arreſt 


it in its career towards old age, cannot be ſubject 
to human calculations, but will vary principally 
D 3 from 
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from them in ages which are moſt infirm, and 
conſequently ſubject to the greateſt number of 
accidents deſtructive of it, as in infancy and old 
age: tables of mortality in thoſe periods will 
generally moſt differ from each other; but in 
old age, where the ſurvivors are very few, the 
tables will generally be very irregular; in older 
years it will ſometimes happen, that the num- 
bers are greater than in younger, the ſame may 
allo happen to the increments in younger life; 
theſe irregularities have probably been corrected 
by their publiſhers. 

Calculations of the preſent values of lives 
from different real tables of mortality, cannot 
be ſuppoſed to agree to a very great degree of 
accuracy: in ſelling an annuity, &c. the conſti- 
tution of the purchaſer ſhould be conſidered, as 
ſeldom any perſon of an infirm ſtate of health 
will purchaſc an annuity, therefore ſomething 
more than the value, as calculated from bills of 
mortality, ſhould be paid; as in the tables are 
included perſons of all conſtitutions and ſtates of 
health. This is one reaſon that tables of ton- 
tine in ſuch caſes ſhould be preferred, as the 
ſubſcribers, at the time of purchaſe, may gene- 
rally be ſuppoſed to enjoy a good ſtate of health. 

The decrements of life half yearly, quarterly, 
or for any period leſs than a year, may be aſ- 
ſumed proportional to the time with as great a 

degree 


4 
degree of accuracy as the ſubject will admit, un- 
leſs they border on infancy or old age; the ſame 
propoſition may, in many caſes, be extended to 
much longer periods of time. 

If the expectation of life could be ſuppoſed a 
conſtant algebraic function Q of x the age, and 
in it be ſubſtituted for x. ſucceſſively a, a,, 
ard“, ad“, &c.; and the quantities reſulting 
be A, B, C, D, &c. if d, d“, d“, &c. bear a very 


ſmall ratio to the diſtance of (a) from the values 


of x, when Q o, then will A—B, A—C, A—D, 
&c. be nearly in the ſame ratio as 4, d“, d“, &c. 

The function & muſt become So, when life 
in general ends, i. e. at the complement of life. 

Let the expectation of life. be denoted by 
= where N denotes the complement of life 
either in years, half years, &c. i. e. the diſtance 
of the preſent from extreme age, and x the age 
in the ſame: when it denotes years, it becomes 
the hypotheſis of Mr. D'Moivre. 

I do not ſay, that the values of annuities, &c. 
calculated from this hypotheſis will very nearly 
agree to the ſame values calculated from tables, 
the very learned and accurate Baron Maſeres has 
proved, that they will not. 

I. The value of an annuity L for a life, whoſe 
complement is IN at — 1 rate of intereſt, (i. e. 
the intereſt of 1. for a year, half year, &c.; 

accord» 
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according as N and x denote years, half years, 


E 
c.); will 508 N 
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2. The value of an annuity L during the con- 
tinuance of any one of two lives, whoſe comple- 
ments are N and M reſpectively (of which N is 
equal or greater than _ at the ſame y—1 rate 
(== M—1 + NM--4 
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of intereſt will be N It 
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The chance of each N me M ging in the firſt 


year will be reſpectively & 5 and , _ and conſe- 


quently both dying in the firſt year 10 * 77 the 


chance of both or one of the two living the firſt 
N—1 MI N— 1 I 
ed WTI, 


) is the chance of both dying 


deducted from certainty, and conſequently = 1 


— 


199 
— FF ME. — - „ and the value of 1 its pre- 
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ſent expectation NM — ; by the ſame mode of 


reaſoning, the chance of both or ene of the two 


NM—4. c 
perſons living two years is TN ; and ſo on; 


whence the preſent value of an annuity L for 


the longeſt of the above two lives is 15 


* ＋ the value of the chance of the 


youngeſt life after the certainty of the death of 
L{N—M—1 N—M—-2 N—M—2 
eldeſt ——+— + 
N—N=0 
— 5 1 | 
Ex, 3. Let it be required to find the preſent 
value of an annuity L at r—1 rate of intereſt 
for the life of the longeſt liver of any number 
(5) of perſons, whoſe complements of life are 
reſpectively N, M. R, S, T, /, &c.; N being leſs 
than M, M than R, R than &, &c. 
The preſent value of the expectation will be 
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The ſum of each of theſe ſeries can eaſily be 
deduced from the lemmas before given, and con- 
ſequently the preſent value of the expect ation 


required. 

The chances of the living or dying of any per- 
ſons of given ages, being given by the hypothe- 
ſis, and the ſeveral expectations in conſequence 
of their living or dying at every different period 
being deduced from the data and the preceding 
principles, the aggregate required of all the ex- 
pectations at the ſeveral different periods may be 
found. 

From the preceding principles algebraical 
quantities may be tranſlated into expectations 


from lives, deaths, &c. 
In 


( 59 ) 
In this caſe, ſimilar to the preceding, the ſame 
quantity, contained in different formulæ, may 
be tranſlated into the aggregates of the values of 
different expectations, which at y are 
equal to each other. : 
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CORRIGENDA. 


P ag. 3. lin. 2. for Medit. Anal. read Phil. Tranſ. 3 for 5, , 1 


c. read 5; pag. 6. I. 13. dele of 4's happening times; 1. 16. 
dele »+; pag. 7. I. 3. dele x Ha pag. 9. I. 23. fer if, read if in; 
I. 29. for Na, read @; l. ult. for equation, read equations; and 
for Nx A, read @'; pag. 12. for ſum of the chances, &c., read ſum 
of the chances of the events A and B happening # times in = trials; 


I. penult. for once, read once multiplied ; pag. 14. I. 18. for K, 


read every 4. | : 


